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EQUI-INVARIABILITY, BOUNDED INVARIANCE COMPLEXITY AND
L-STABILITY FOR CONTROL SYSTEMS
XING-FU ZHONG, ZHI-JING CHEN, AND YU HUANG
ABSTRACT. In the paper we introduce the notions of bounded invariance complexity,
bounded invariance complexity in the mean and mean L-stability for control systems.
Then we characterize these notions by introducing six types of equi-invariability. As by
product, two new dichotomy theorems for control system on control sets are established.
1. INTRODUCTION
In this paper, we mainly consider a discrete-time control system on a metric space X of
the following form
(1.1) xn+1 = F(xn,un) := Fun(xn), n ∈ N0 = {0,1, . . .},
where F is a map from X ×U to X ,U is a compact set, and Fu(·)≡ F(·,u) is continuous
for every u ∈U . Given a control sequence ω = (ω0,ω1, . . .) in U , the solution of (1.1)
can be written as
φ(k,x,ω) = Fωk−1 ◦ · · · ◦Fω0(x).
For convenience, we denote system (1.1) by Σ = (N0,X ,U,U ,φ), where U =U
N0 . Fur-
thermore, we assume that φ : N0×X×U → X is continuous.
Invariance entropy introduced by Colonius and Kawan [6] as well as topological feed-
back entropy introduced by Nair et al. [19] characterizes the minimal data rate for making
a subset of the state space invariant. It is a very useful invariant to describe the expo-
nential growth rate of the minimal number of different control functions sufficient for
orbits to stay in a given set when starting in a subset of this set. For controlled invari-
ant sets with zero invariance entropy, it is useful to consider the invariance complexity
function first studied by Wang, Huang and Chen [24], which is an analogue in topo-
logical dynamical systems (see [12] and the references therein). We refer the readers
to [1, 2, 3, 5, 6, 7, 4, 10, 11, 13, 14, 16, 21, 22, 23, 25, 26, 27] for more details about
invariance entropy.
In 1993, Colonius and Kliemann [8] introduced a notion of control set and obtained a
beautiful result that control sets of a given control system coincide with maximal topo-
logically mixing (transitive) sets of the control flow induced by the control system under
some assumptions. We refer the readers to [8, 9] for more connections between control
properties for control systems and basic notions for dynamical systems. Recently, the
authors in [24] introduced notion of equi-invariability and showed that an equi-invariant
compact set has bounded invariance complexity and the converse is not true in general.
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In particular, they established a dichotomy theorem that a control set with dense interior
is either equi-invariant or unstable.
In this paper, we introduce six types of equi-invariability, which are the analogy to
equi-continuity, equi-continuity in the mean, and mean equi-continuity in topological dy-
namical systems (see [12, 17, 20]). Then we discuss the relationship with each other. In
particular, we use the equi-invariability to characterize the bounded invariance complex-
ity, the bounded invariance complexity in the mean and the mean L-stability for control
systems. As by product, we obtain two new dichotomy theorems for a control set with
dense interior.
This paper is organized as follows. In Section 2, we first introduce six types of equi-
invariability and discuss the relationship with each other. Then we characterize bounded
invariance complexity, the bounded invariance complexity in the mean and the mean L-
stability by equi-invariability. In Section 3, we obtain two new dichotomy theorems for
control systems on control sets. All counter-examples are given in Appendix.
2. FINITE EQUI-INVARIABILITY AND INVARIANCE COMPLEXITY
Consider a control system Σ= (N0,X ,U,U ,φ), where X is a metric space with a metric
d. Recall that a subsetQ of X is said to be controlled invariant if for any x∈Q, there exists
a control ωx ∈ U such that φ(N0,x,ωx) ⊂ Q. Our task is to keep a controlled invariant
set Q invariant. It is almost impossible to realize this task in practices if the choice of
the control ωx is sensitive to x ∈ Q because of the error caused in implementation. On
the other hand, we can control such a point x ∈ Q if the associated control ωx keeps not
only the orbit of x but also the orbits starting from some neighborhood of x in the nearby
of Q. Such a point is called a equi-invariant point of Q in [24]. From the view point of
control theory, the equi-invariant point x of Q means that x can be stabilized robustly to
any neighborhood of Q.
In this section we will introduce six types of equi-invariability and their related to bound
invariance complexity for a control system.
Definition 2.1. Let Σ= (N0,X ,U,U ,φ) be a system,Q⊂X be a nonempty set and x∈Q.
(1) x is called a finitely equi-invariant point ofQ, write x∈ FEI(Q), if for every ε > 0,
there exist δ > 0 and a finite set F ⊂U such that for every y ∈ B(x,δ )∩Q there
exists ω ∈ F with
(2.1) φ(N0,y,ω)⊂ Bε(Q).
Q is called a finitely equi-invariant set if FEI(Q) = Q.
(2) x is called a finitely equi-invariant point in the mean of Q, write x ∈ FEIM(Q), if
x satisfies item (1) where the equation (2.1) is replaced by
(2.2)
1
n
n−1
∑
i=0
d[φ(i,y,ω),Q]< ε, ∀ n ∈ N.
Q is called a finitely equi-invariant set in the mean if FEIM(Q) = Q.
(3) x is called a finitely mean equi-invariant point of Q, write x ∈ FMEI(Q), if x
satisfies item (1) where the equation (2.1) is replaced by
(2.3) limsup
n→∞
1
n
n−1
∑
i=0
d(φ(i,y,ω),Q)< ε.
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Q is called a finitely mean equi-invariant set if FMEI(Q) = Q.
Furthermore, x is said to be an equi-invariant point of Q, an equi-invariant point in the
mean of Q and a mean equi-invariant point of Q if x satisfies (1)-(3), respectively, with
the set F being singleton. We write x∈ EI(Q), x∈ EIM(Q) and x∈MEI(Q), respectively.
Remark 2.2. (i) The concept of equi-invariance was introduced in [24].
(ii) From the view point of control theory, x ∈ EI(Q) means that x can be stabilized
robustly to any neighborhood of Q; x ∈ EIM(Q) means that x can be stabilized
robustly to any neighborhood of Q in the mean; x ∈MEI(Q) means that x can be
stabilized robustly to any neighborhood of Q eventually in the mean.
(iii) There are the following implication relations among these six types of equi-invariability
(Figure 1).
EI EIM MEI
FEI FEIM FMEI
⇒
(Ex.4.6)
: ⇒
(Ex.4.8)
:
⇒
(Ex.4.7)
: ⇒
(Ex.4.8)
:
(Ex.4.1)
:
⇐
(Ex.4.1)
:
⇐
(Ex.4.11)
:
⇐
FIGURE 1. Six types of equi-invariability
We give examples in Appendix to show the above seven “;” relations are
possible. We establish in the next section the conditions under which EI⇔FEI,
EIM⇔FEIM and MEI⇔FMEI, respectively. See Corollaries 3.2, 3.7 and 3.12.
Now let us discuss the relations between equi-invariability and the control complexity.
It is well known that invariance entropy introduced by Colonius and Kawan [6] as well
as topological feedback entropy introduced by Nair et al. [19] characterizes the minimal
data rate for making a subset of the state space invariant. It is a very useful invariant to
describe the exponential growth rate of the minimal number of different control functions
sufficient for orbits to stay in a given set when starting in a subset of this set.
For a control system Σ = (N0,X ,U,U ,φ). Let a subset Q⊂ X be controlled invariant.
For ω ∈U , n ∈ N, and ε > 0, define
Qεn,ω = {x ∈ Q : φ([0,n),x,ω)⊂ Bε(Q)}.
A subset F ⊂U is called (n,ε,Q)-spanning set if
Q= ∪ω∈FQεn,ω .
Let
rinv(n,ε,Q) = inf{♯F : F is an (n,ε,Q)-spanning set},
where ♯F denotes the cardinality of F .
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Recall that the outer invariance entropy of Q is defined by
(2.4) hinv,out(Q) := lim
ε→0
limsup
n→∞
logrinv(n,ε,Q)
n
.
See the monograph [15] for more details on invariance entropy.
If a control invariant set Q has positive out invariance entropy, that is, hinv,out(Q) > 0,
then the numbers of controls needed to keep Q in any neighborhood of Q in [0,n] grow
exponentially with respect to n. Thus it is more difficult to realize such control task in this
case. On the contrary, such control task is simple if hinv,out(Q) = 0. A particular case of
hinv,out(Q) = 0 is the following.
Definition 2.3. ([24, Definition 3.3]) We say that Q has bounded invariance complexity if
for any ε > 0, there existsC :=C(ε)> 0 such that rinv(n,ε,Q)≤C for all n ∈ N.
It is easy to see that if Q has bounded invariance complexity then its outer invariance
entropy is zero. For some A ⊂ Q, we denote the closure of A in Q with respect to the
subspace topology on Q by clQA.
Proposition 2.4. ([24, Proposition 3.5]) Let Σ = (N0,X ,U,U ,φ) be a control system and
Q be a compact subset of X. Then
(i) If Q is equi-invariant, then Q has bounded topological invariant complexity.
(ii) Conversely, if U is a compact metrizable space and φ : N0 × X ×U → X is
continuous, then the bounded topological invariant complexity of Q implies that
clQEI(Q) = Q.
Theorem 2.5. Let Σ = (N0,X ,U,U ,φ) be a system and Q⊂ X be a nonempty compact
set. Then Q is finitely equi-invariant if and only if Q has bounded invariance complexity.
Proof. (⇒) Suppose that Q is finitely equi-invariant. Then for any ε > 0 and x ∈ Q,
there are δx > 0 and Fx ⊂ U such that for every y ∈ B(x,δx)∩Q there exists ωy ∈ Fx
such that φ(N0,y,ωy) ⊂ Bε(Q). Since Q is compact, we can find a finite open cover
C := {B(xi,δxi), i= 1, . . . , p} ofQ. Let F =∪pi=1{Fxi}. Then F is finite and is an (n,ε,Q)-
spanning set for every n ∈ N. Hence Q has bounded invariance complexity.
(⇐) Given ε > 0, there existsC such that rinv(n, ε3 ,Q)≤C for all n ∈N; that is, for any
n ∈ N there exists Fn ⊂ U such that ♯Fn ≤ C and Q = ∪ω∈FnQε/3n,ω . By the compactness
of 2U (the hyperspace of U [18]), we can pick a convergent subsequence {Fni} in {Fn}.
We denote its limit as F ; that is lim
i→∞
Fni = F . Therefore, we have ♯F ≤C by the fact that
{A ∈ 2U : ♯A ≤C} is closed. For every i ∈ N and any x ∈ Q there exists ωni ∈ Fni such
that
φ([0,ni),x,ωni)⊂ Bε/3(Q).
Thus we get
φ([0,ni),x,ωn j)⊂ Bε/3(Q)
for any j ≥ i. Suppose that ωni → ω . Then ω ∈ F . Letting j → ∞, we have, by the
continuity of φ ,
φ([0,ni),x,ω)⊂ Bε/2(Q).
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Since ni→ ∞ as i→ ∞, we obtain φ(N0,x,ω)⊂ Bε/2(Q). This implies that
Q⊂
⋃
ω∈F
∞⋂
n=1
Q
ε/2
n,ω .
It follows that Q is finitely equi-invariant. 
Next, we discuss the relations between finite equi-invariance in the mean and bounded
invariance complexity in the mean.
Given ω ∈U , n ∈ N, and ε > 0, let
Qˆεn,ω = {x ∈ Q : max
1≤k≤n
{1
k
k−1
∑
i=0
d[φ(i,x,ω),Q]}< ε}.
A subset F ⊂U is called (n,ε,Q)-spanning set in the mean if
Q= ∪ω∈FQˆεn,ω .
Let
rˆinv(n,ε,Q) = inf{♯F : F is an (n,ε,Q)-spanning set in the mean}.
Definition 2.6. We say that Q has bounded invariance complexity in the mean if for any
ε > 0, there existsC :=C(ε)> 0 such that rˆinv(n,ε,Q)≤C for all n ∈ N.
Theorem 2.7. Let Σ = (N0,X ,U,U ,φ) be a system and Q⊂ X be a nonempty compact
set. Then Q is finitely equi-invariant in the mean if and only if Q has bounded invariance
complexity in the mean.
Proof. (⇒) Suppose that Q is finitely equi-invariant. Then for any ε > 0 and x ∈ Q, there
are δx > 0 and Fx ⊂U such that for every y ∈ B(x,δx)∩Q there exists ωy ∈ Fx such that
1
n
n−1
∑
i=0
d[φ(i,y,ωy),Q]< ε, ∀ n ∈ N.
Since Q is compact, we can find a finite open cover C := {B(xi,δxi), i = 1, . . . , p} of Q.
Let F = ∪pi=1Fxi . Then F is finite and is an (n,ε,Q)-spanning set in the mean for every
n ∈ N. Hence Q has bounded invariance complexity in the mean.
(⇐) Given ε > 0, there existsC such that rˆinv(n, ε3 ,Q)≤C for all n ∈N; that is, for any
n ∈ N there exists Fn ⊂ U such that ♯Fn ≤ C and Q = ∪ω∈FnQˆε/3n,ω . By the compactness
of 2U , we can pick a convergent subsequence {Fni} in {Fn}. We denote its limit as F .
Therefore, we have ♯F ≤C by the fact that {A ∈ 2U : ♯A≤C} is closed. For every i ∈ N
and any x ∈ Q there exists ωni ∈ Fni such that
max
1≤k≤ni
{1
k
k−1
∑
i=0
d[φ(i,x,ωni),Q]}<
ε
3
.
Thus we get
max
1≤k≤ni
{1
k
k−1
∑
i=0
d[φ(i,x,ωn j),Q]}<
ε
3
.
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for any j ≥ i. Suppose that ωni → ω . Then ω ∈ F . Letting j → ∞, we have, by the
continuity of φ ,
max
1≤k≤ni
{1
k
k−1
∑
i=0
d[φ(i,x,ω),Q]}< ε
2
.
Since ni→ ∞ as i→ ∞, we obtain
max
1≤k≤n
{1
k
k−1
∑
i=0
d[φ(i,x,ω),Q]}< ε
2
, ∀ n ∈ N.
This implies that
Q⊂
⋃
ω∈F
∞⋂
n=1
Qˆ
ε
2
n,ω .
It follows that Q is finitely equi-invariant in the mean. 
Finally in this section, we characterize the concept of finitely mean equi-invariance by
finitely mean stability of Q in the sense of Lyapunov.
Let E ⊂ N0. We define the upper density D(E) of E by
D(E) = limsup
n→∞
♯(E ∩ [0,n−1])
n
.
Definition 2.8. Let Σ = (N0,X ,U,U ,φ) be a system and Q ⊂ X be a nonempty set.
A point x ∈ Q is said to be finitely mean stable point of Q in the sense of Lyapunov
(abbreviated as finitely mean-L-stable point of Q) if for every ε > 0 there exist δ > 0 and
a finite subset F ⊂ U such that y ∈ B(x,δ )∩Q implies d(φ(n,y,ω),Q) < ε for some
ω ∈ F and all n ∈ N0 except a set of upper density less than ε . We call Q finitely mean-L-
stable if every x ∈ Q is a finitely mean-L-stable point of Q.
Theorem 2.9. Let Σ = (N0,X ,U,U ,φ) be a system with diam(X) < ∞ and Q ⊂ X be
a nonempty set. Then Q is finitely mean-L-stable if and only if it is finitely mean equi-
invariant.
Proof. (⇐) Suppose that Q is finitely mean equi-invariant. Then for any x ∈ Q and ε > 0,
there exist δ > 0 and a finite subset F ⊂U such that for every y ∈Q with d(x,y)< δ , we
have
limsup
n→∞
1
n
n−1
∑
i=0
d(φ(i,y,ω),Q)< ε2,
for some ω ∈ F . Let E = {k ∈ N0 : d(φ(k,y,ω),Q)≥ ε}. Thus
ε2 > limsup
n→∞
1
n
n−1
∑
i=0
d(φ(i,y,ω),Q)≥ limsup
n→∞
1
n
(ε · ♯([0,n−1]∩E)) = ε ·D(E).
It follows that D(E)< ε . Therefore, Q is finitely mean-L-stable.
(⇒) Assume that Q is finitely mean-L-stable. For any x ∈ Q and ε > 0, let
η =
ε
2(diamX+1)
.
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Then there exist δ > 0 and a finite subset F ⊂ U such that for any y ∈ B(x,δ )∩Q,
d(φ(n,y,ω),Q)< η for some ω ∈ F and all n∈N0 except a set of upper density less than
η . Let
E = {k ∈ N0 : d(φ(n,y,ω),Q)≥ η}.
Thus D(E)< η and
limsup
n→∞
1
n
n−1
∑
i=0
d(φ(i,y,ω),Q)≤ limsup
n→∞
1
n
(diam(X) · ♯([0,n−1]∩E)+nη)
≤ diam(X)D(E)+η ≤ diam(X)η +η ≤ ε
2
.
This implies that Q is finitely mean equi-invariant. 
3. DICHOTOMY THEOREMS FOR CONTROL SETS
In this section, we will discuss three types of dichotomy theorems for control sets.
First, let us recall some basic notions. Let Σ = (N0,X ,U,U ,φ) be a control system.
For x ∈ X and n ∈ N, the set of points reachable from x up to time n is defined by
O
+
≤n(x) := {y ∈ X : ∃m ∈ [0,n],ω ∈U with y= φ(m,x,ω)}.
The positive orbit of x is defined by
O
+(x) =
⋃
n∈N
O
+
≤n(x).
Definition 3.1. (see [8, Definition 3.1] or [15, Definition 1.12]) Let Σ = (N0,X ,U,U ,φ)
be a system. A set D ⊂ X is called a control set of system Σ if the following conditions
hold.
(1) D is controlled invariant, that is, for every x ∈ D there exists ω ∈ U such that
φ(N0,x,ω)⊂ D.
(2) For all x∈D one hasD⊂ cl O+(x) , where cl O+(x) denotes the closure ofO+(x).
(3) D is maximal with these properties, that is, if D′ ⊃ D satisfies conditions (1) and
(2), then D′ = D.
3.1. The first type of dichotomy theorem. By Theorem 2.5 and Corollary 3.7 in [24],
we have
Corollary 3.2. Let Σ=(N0,X ,U,U ,φ) andQ⊂X be a compact control set with nonempty
interior. Assume that U is a compact metrizable space and φ : N0×X×U → X is con-
tinuous. Then the following conditions are equivalent.
(1) Q is equi-invariant;
(2) Q is finitely equi-invariant;
(3) Q has bounded invariance complexity.
Definition 3.3. Let Σ = (N0,X ,U,U ,φ) be a system and Q⊂ X be a nonempty set. We
say that Q is an unstable set if there exists ε > 0 such that for any x ∈ Q, δ > 0 and
ω ∈U , we have
d[φ(m,y,ω),Q]≥ ε
for some y ∈ B(x,δ )∩Q and m ∈ N0.
In [24], Wang et al. showed the following dichotomy theorem for control sets.
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Theorem 3.4. ([24, Theorem 3.13]) Let Σ = (N0,X ,U,U ,φ) be a system and Q⊂ X be
a control set with clInt(Q) = clQ. Then Q is either equi-invariant or unstable.
3.2. The second type of dichotomy theorem. Let
EIMk(Q) = {x ∈ Q :∃ δ > 0 and ω ∈U s.t.
1
n
n−1
∑
i=0
d[φ(i,y,ω),Q]<
1
k
, ∀ n ∈ N and y ∈ B(x,δ )∩Q}.
Then EIMk(Q) is an open subset of Q and EIM(Q) = ∩∞k=1EIMk(Q).
Lemma 3.5. ([15, Corollary 1.1]) A control set D with nonempty interior has the no-
return property, that is, if x∈D,n∈N0 and ω ∈U with φ(n,x,ω)∈D implies φ([0,n],x,ω)⊂
D.
Lemma 3.6. Let Σ = (N0,X ,U,U ,φ) be a system and Q ⊂ X be a control set. If
EIMk(Q)∩ Int(Q) 6= /0 for some k ∈ N, then EIMk(Q) = Q.
Proof. Pick x ∈ EIMk(Q)∩ Int(Q). Then there exist δ > 0 and ω ∈U such that for every
y ∈ B(x,δ )⊂ Int(Q), we have
1
n
n−1
∑
i=0
d[φ(i,y,ω),Q]<
1
k
, ∀ n ∈ N.
For any x′ ∈ Q, there exist m ∈ N0, ω ′ ∈U , and δ ′ > 0 such that
φ(m,B(x′,δ ′),ω ′)⊂ B(x,δ )⊂ Int(Q).
By the no-return property (see Lemma 3.5),
φ([0,m],B(x′,δ ′),ω ′)⊂ B(x,δ )⊂ Int(Q).
Let ωˆ = ω ′ωm. Then for any y ∈ B(x′,δ ′),
1
n
n−1
∑
i=0
d[φ(i,y, ωˆ),Q] =
{
= 0, 0≤ n≤ m,
< 1
k
, n> m.
So x′ ∈ EIMk(Q) and EIMk(Q) = Q. 
By Theorem 2.7, we have
Corollary 3.7. Let Σ = (N0,X ,U,U ,φ) and Q⊂ X a compact control set with nonempty
interior. Assume that U is a compact metrizable space and φ : N0× X ×U → X is
continuous. Then the following conditions are equivalent.
(1) Q is equi-invariant in the mean;
(2) Q is finitely equi-invariant in the mean;
(3) Q has bounded invariance complexity in the mean.
Proof. We have shown that (2) and (3) are equivalent. It is clear that (1) implies (2), we
only need to prove (3) implies (1). For every k ∈ N, it follows from the proof of Theo-
rem 2.7 that
Q⊂
⋃
ω∈F
∞⋂
n=1
Qˆ
1/2k
n,ω ,
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where F is a finite set of U and
Qˆ
1/2k
n,ω = {x ∈ Q : max
1≤ j≤n
{1
j
j−1
∑
i=0
d[φ(i,x,ω),Q]}< 1
2k
}.
Let F = {ωi : 1≤ i≤ ♯F} and
Qi = ∩∞n=1{x ∈ Q : max
1≤ j≤n
{1
j
j−1
∑
r=0
d[φ(r,x,ωi),Q]≤ 1
2k
}, i= 1, . . . , ♯F.
Then Qi is closed in Q for i= 1, . . . , ♯F and Q= ∪♯Fi=1Qi. Let Q′1 :=Q1 and Q′i := clQ(Qi \
∪i−1i=1Q j) for 2≤ i≤ ♯F . Using Lemma 3.4 in [24], we have
♯F⋃
i=1
Q′i = Q,
♯F⋃
i=1
clQ(Q
′
i \∪ j 6=iQ′j) = Q.
For any i ∈ {1, . . . , ♯F} and x ∈ Q′i \∪ j 6=iQ′j, there exists δ > 0 such that
B(x,δ )∩Q= B(x,δ )∩Q′i.
Therefore, we get
B(x,δ )∩Q⊂ Q′i ⊂ Qi,
which implies that
1
n
n−1
∑
r=0
d[φ(r,y,ωi),Q]<
1
k
, ∀ n ∈ N and y ∈ B(x,δ )∩Q.
Thus Q′i \∪ j 6=iQ′j ⊂ EIMk(Q). It follows that clQEIMk(Q) = Q. According to the Baire
category theorem, we see that EIM(Q) = ∩∞k=1EIMk(Q) is a dense Gδ subset of Q.
Hence EIM(Q)∩ Int(Q) 6= /0. Pick x ∈ EIM(Q)∩ Int(Q). Using Lemma 3.6, we obtain
EIM(Q) = Q. 
Definition 3.8. Let Σ = (N0,X ,U,U ,φ) be a system and Q⊂ X be a nonempty set. We
say that Q is an unstable set in the mean if there exists ε > 0 such that for any x ∈ Q,
δ > 0 and ω ∈U there exist y ∈ B(x,δ )∩Q and m ∈ N0,
1
m
m−1
∑
i=0
d[φ(i,y,ω),Q]≥ ε.
By a direct observation, we get
Lemma 3.9. Let Σ = (N0,X ,U,U ,φ) be a system. Then Q⊂ X is an unstable set in the
mean if and only if there exists k ∈ N such that EIMk(Q) = /0.
Theorem 3.10. Let Σ = (N0,X ,U,U ,φ) be a system and Q ⊂ X be a control set with
clInt(Q) = clQ. Then Q is either equi-invariant in the mean or unstable in the mean.
Proof. If Q = EIM(Q) then Q is equi-invariant in the mean. If Q 6= EIM(Q), then there
exists k ∈ N such that EIMk(Q)∩ Int(Q) = /0 by Lemma 3.6. To obtain a contradiction,
we suppose that Q is not unstable in the mean. By Lemma 3.9, we have EIMk(Q) 6= /0 for
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all k ∈N. Fix any k ∈ N and pick x ∈ EIMk(Q). Then there exists δ > 0 and ω ∈U such
that
1
n
n−1
∑
i=0
d[φ(i,y,ω),Q]<
1
k
, ∀ n ∈ N and y ∈ B(x,δ )∩Q.
Noting that clInt(Q) = clQ, we have B(x,δ )∩ Int(Q) 6= /0. Hence there exist y ∈ B(x,δ )∩
Int(Q) and δ ′ > 0 such that B(y,δ ′)⊂ B(x,δ )∩ Int(Q). So
1
n
n−1
∑
i=0
d[φ(i,y,ω),Q]<
1
k
, ∀ n ∈ N and y ∈ B(y,δ ′)∩Q⊂ B(x,δ )∩Q.
This implies that y ∈ EIMk(Q)∩ Int(Q) for all k ∈ N, which is a contradiction. 
3.3. The third type of dichotomy theorem. Finally, we discuss the dichotomy theorem
based on mean equi-invariability.
Let
MEIk(Q) = {x ∈ Q :∃ δ > 0 and ω ∈U s.t.
limsup
n→∞
1
n
n−1
∑
i=0
d[φ(i,y,ω),Q]<
1
k
, ∀ y ∈ B(x,δ )∩Q}.
Then MEIk(Q) is an open subset of Q and MEI(Q) = ∩∞k=1MEIk(Q).
Lemma 3.11. Let Σ = (N0,X ,U,U ,φ) be a system and Q ⊂ X be a control set. If
MEIk(Q)∩ Int(Q) 6= /0 for some k ∈ N, then MEIk(Q) = Q.
Proof. Pick x ∈MEIk(Q)∩ Int(Q). Then there exist δ > 0 and ω ∈U such that for every
y ∈ B(x,δ )⊂ Int(Q), we have
limsup
n→∞
1
n
n−1
∑
i=0
d[φ(i,y,ω),Q]<
1
k
.
For any x′ ∈ Q, there exist m ∈ N0, ω ′ ∈U , and δ ′ > 0 such that
φ(m,B(x′,δ ′),ω ′)⊂ B(x,δ )⊂ Int(Q).
Applying the no-return property again, we have
φ([0,m],B(x′,δ ′),ω ′)⊂ B(x,δ )⊂ Int(Q).
Let ωˆ = ω ′ωm. Then for any y ∈ B(x′,δ ′),
limsup
n→∞,n>m
1
n
n−1
∑
i=0
d[φ(i,y, ωˆ),Q] = limsup
n→∞,n>m
1
n
(
m
∑
i=0
d[φ(i,y, ωˆ),Q]+
n−1
∑
i=m+1
d[φ(i,y, ωˆ),Q])
= limsup
n→∞,n>m
1
n
n−1
∑
i=m+1
d[φ(i,φ(m,y, ωˆ),ω),Q])
<
1
k
.
So x′ ∈MEIk(Q) and MEIk(Q) = Q. 
Corollary 3.12. Let Σ= (N0,X ,U,U ,φ) and Q⊂X a compact control set with nonempty
interior. Assume that U is a compact metrizable space and φ : N0× X ×U → X is
continuous. Then the following conditions are equivalent.
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(1) Q is mean equi-invariant;
(2) Q is finitely mean equi-invariant;
(3) Q is finitely mean-L-stable.
Proof. We have show that (2) and (3) are equivalent in Theorem 2.9. It is clear that (1)
implies (2), we only need to prove (2) implies (1).
For every ε > 0 and ω ∈U , denote
Q˜εω := {x ∈ Q : limsup
n→∞
1
n
n−1
∑
i=0
d[φ(i,x,ω),Q]≤ ε
2
}.
Let ε > 0. For every x ∈ Q, by finite mean equi-invariance of Q, there exist δx > 0 and Fx
such that for any y ∈ B(x,δx)∩Q, there holds
limsup
n→∞
1
n
n−1
∑
i=0
d[φ(i,x,ω),Q]<
ε
2
for some ω ∈ Fx. Take C := {B(x,δx)}x∈Q. Then C is an open cover ofQ. By compactness
of Q, there exist finite open balls
B(x1,δx1),B(x2,δx2), . . . ,B(xr,δxr)
such that Q⊂∪ri=1B(xi,δxi). Put F = ∪ri=1Fxi := {ω(i) : 1≤ i≤ ♯F}. Then Q˜εω(i) is closed
inQ for i= 1, . . . , ♯F andQ=∪♯Fi=1Q˜εω(i) . LetQ′1 := Q˜εω(1) andQ′i := clQ(Q˜εω(i) \∪
i−1
j=1Q˜
ε
ω( j)
)
for 2≤ i≤ ♯F . Using Lemma 3.4 in [24] again, we have
♯F⋃
i=1
Q′i = Q,
♯F⋃
i=1
clQ(Q
′
i \∪ j 6=iQ′j) = Q.
For each i ∈ {1, . . . , ♯F} and x ∈ Q′i \∪ j 6=iQ′j, there exists δ > 0 such that
B(x,δ )∩Q= B(x,δ )∩Q′i.
Therefore, we get
B(x,δ )∩Q⊂ Q′i ⊂ Q˜εω(i),
which implies that
limsup
n→∞
1
n
n−1
∑
r=0
d[φ(r,y,ω(i)),Q]< ε, for all y ∈ B(x,δ )∩Q.
Thus Q′i \∪ j 6=iQ′j ⊂MEIk(Q). It follows that clQMEIk(Q) = Q. According to the Baire
category theorem, we see that MEI(Q) = ∩∞k=1MEIk(Q) is a dense Gδ subset of Q.
Hence MEI(Q)∩ Int(Q) 6= /0. Pick x ∈ MEI(Q)∩ Int(Q). Using Lemma 3.11, we ob-
tain MEI(Q) = Q. 
Definition 3.13. Let Σ = (N0,X ,U,U ,φ) be a system and Q⊂ X be a nonempty set. We
say that Q is a mean unstable set if there exists ε > 0 such that for any x ∈ Q, δ > 0 and
ω ∈U there exists y ∈ B(x,δ )∩Q,
limsup
n→∞
1
n
n−1
∑
i=0
d[φ(i,y,ω),Q]≥ ε.
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The following Lemma is obvious.
Lemma 3.14. Let Σ = (N0,X ,U,U ,φ) be a system. Then Q⊂ X is a mean unstable set
if and only if there exists k ∈ N such that MEIk(Q) = /0.
Theorem 3.15. Let Σ = (N0,X ,U,U ,φ) be a system and Q ⊂ X be a control set with
clInt(Q) = clQ. Then Q is either mean equi-invariant or mean unstable.
Proof. If Q =MEI(Q) then Q is mean equi-invariant. If Q 6=MEI(Q), then there exists
k ∈ N such that MEIk(Q)∩ Int(Q) = /0 by Lemma 3.11. Suppose in contrast that Q is not
mean unstable. By Lemma 3.14, we have MEIk(Q) 6= /0 for all k ∈ N. Fix any k ∈ N and
pick x ∈MEIk(Q). Then there exist δ > 0 and ω ∈U such that
limsup
n→∞
1
n
n−1
∑
i=0
d[φ(i,y,ω),Q]<
1
k
, ∀ y ∈ B(x,δ )∩Q.
By clInt(Q) = clQ, it follows that B(x,δ )∩ Int(Q) 6= /0. Consequently, there exist y ∈
B(x,δ )∩ Int(Q) and δ ′ > 0 such that B(y,δ ′)⊂ B(x,δ )∩ Int(Q). So
limsup
n→∞
1
n
n−1
∑
i=0
d[φ(i,y,ω),Q]<
1
k
, ∀ y ∈ B(y,δ ′)∩Q⊂ B(x,δ )∩Q,
which implies that y ∈MEIk(Q)∩ Int(Q) for all k ∈ N. This is a contradiction. 
4. APPENDIX
Example 4.1 (FEI but not EI; FEIM but not EIM). Consider a control system of form (1.1),
where
(1) X = [0,1] = {x ∈ R : 0≤ x≤ 1};
(2) U = {0,1};
(3) F0,F1 : X → X are defined by
F0(x) =

x, if 0≤ x< 3
8
,
5(x− 1
2
)+1, if 3
8
≤ x< 1
2
,
1, if 1
2
≤ x≤ 1.
and
F1(x) =

1, if 0≤ x< 1
4
,
−4(x− 1
4
)+1, if 1
4
≤ x< 3
8
,
1
2
, if 3
8
≤ x< 1
2
,
4(x− 5
8
)+1, if 1
2
≤ x< 5
8
,
1, if 5
8
≤ x≤ 1.
Let Q= [1
4
, 1
2
]. Then Q is finitely equi-invariant but not equi-invariant.
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FIGURE 2. Finitely equi-invariant.
Proof. We divide our proof into three claims.
Claim 4.2. Q is finitely equi-invariant.
Proof of Claim 4.2. Fix any x ∈ Q. For any ε > 0, choose δ = ε and F = {ω := 0∞, ω̂ :=
1∞}, then by the definitions of F0 and F1, for any y∈ B(x,δ )∩Q there holds: φ(N,x,ω) =
x ∈ Q if 1
4
≤ y≤ 3
8
; and φ(N,x, ω̂) = 1
2
∈ Q if 3
8
< y≤ 1
2
. 
Claim 4.3. For any 1
4
≤ x < 3
8
and any control sequence ω̂ ∈ {0n1∞ : n ≥ 1} ∪ {ω :
ωiωi+1 = 10, for some i≥ 0}∪{1∞}, there holds limn→∞ φ(n,x, ω̂) = 1.
Proof of Claim 4.3. Let y∈ [1
4
, 3
8
) and a control sequence ω̂ ∈{ω :ωiωi+1= 10, for some i≥
0}∪{1∞}∪{0n1∞ : n≥ 1}. Then we have the following cases.
Case 1. ω̂ = 1∞. ThenFω0(y)>
1
2
. So by the definition of F1, we have limn→∞ φ(n,x, ω̂)=
1.
Case 2. ω̂ ∈ {ω : ωiωi+1 = 10, for some i ≥ 0}. Note that F0 ◦F1(z) > 12 for all z ∈
[0,1]. This implies that limn→∞ φ(n,x, ω̂) = 1.
Case 3. ω̂ ∈ {0n1∞ : n≥ 1}. Note that for any n≥ 1,
F1 ◦F0 ◦ · · · ◦F0︸ ︷︷ ︸
n−times
(z) = F1(z)>
1
2
for all z ∈ [1
4
,
3
8
).
Thus limn→∞ φ(n,x, ω̂) = 1. 
Claim 4.4. The point 3
8
is not equi-invariant.
Proof of Claim 4.4. Suppose in contrast that 3
8
is equi-invariant. Then for any ε > 0 there
exist δ > 0 and ω ∈UN such that
φ(N,y,ω)⊂ B(Q,ε),
for all y ∈ B(x,δ )∩Q. Since
UN = {0n1∞ : n≥ 1}∪{ω : ωiωi+1 = 10, for some i≥ 0}∪{0∞,1∞},
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by Claim 4.3 and the proof of Claim 4.2, we have ω = 0∞. However, for any z∈ (3
8
, 1
2
], we
have limn→∞Fn0 (z) = 1; this implies that limn→∞ φ(n,z,ω) = 1. This is a contradiction.
Therefore 3
8
is not equi-invariant. 
By Claims 4.2 and 4.4, the set Q is finitely equi-invariant but not equi-invariant.

Remark 4.5. By Claim 4.4 and the proof of Claim 4.2, one can see that every point in Q
is equi-invariant except the point 3
8
.
The following example shows that the equi-invariance in the mean is strictly weaker
than the equi-invariance.
Example 4.6 (EIM but not EI). Consider a control system of form (1.1), where
(1) X = [0,1] = {x ∈ R : 0≤ x≤ 1};
(2) U = {0,1,2};
(3) F0,F1 and F2 : X → X are defined by
F0(x) =

x, if 0≤ x< 3
8
,
5(x− 1
2
)+1, if 3
8
≤ x< 1
2
,
1, if 1
2
≤ x< 5
8
,
−5(x− 3
4
)+ 3
8
, if 5
8
≤ x< 3
4
,
3
8
, if 3
4
≤ x≤ 1,
F1(x) =

1, if 0≤ x< 1
4
,
−4(x− 1
4
)+1, if 1
4
≤ x< 3
8
,
1
2
, if 3
8
≤ x< 1
2
,
4(x− 5
8
)+1, if 1
2
≤ x< 5
8
,
1, if 5
8
≤ x≤ 1;
and F2(x) = 1 for all x ∈ [0,1].
Let Q= [1
4
, 1
2
]. Then the set Q is equi-invariant in the mean but not equi-invariant.
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FIGURE 3. Equi-invariant in the mean.
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Proof. Similar to the proof of Example 4.1, almost all points inQ are equi-invariant except
3
8
. So it suffices to show that 3
8
is equi-invariant in the mean. Indeed, for any 0< ε < 1
8
,
choose N > 0 such that 1
2N
< ε and 0< δ ′ < 1
8
with
• FN0 (38 +δ ′) = 12 and
• F i0(38 +δ ′)< 12 , i= 0,1, . . . ,N−1.
Pick δ = min{δ ′,ε} and two control sequences ω = 0N20∞, then for any y ∈ B(3
8
,δ ),
there holds
• Fωn ◦ . . .◦Fω0(y) ∈ Q whenever n= 0,1, . . . ,N−1;
• FωN ◦ . . .◦Fω0(y)≡ 1, this implies that
1
N
N
∑
i=0
d[φ(i,y,ω),Q] =
1
N
N−1
∑
i=0
d[φ(i,y,ω),Q]+
d[φ(N,y,ω),Q]
N
= 0+
1
2N
< ε;
• Fωn ◦ . . .◦Fω0(y)≡ 38 ∈ Q whenever n> N, this implies that
1
n
n
∑
i=0
d[φ(i,y,ω),Q] =
1
n
N−1
∑
i=0
d[φ(i,y,ω),Q]+
d[φ(N,y,ω),Q]
N
+
1
n
n
∑
i=N+1
d[φ(i,y,ω),Q]
=0+
1
2N
+0< ε,
for all n> N.
Thus the point 3
8
is equi-invariant in the mean. 
Before we give the forthcoming example, we recall some notions. Let I be a finite set.
The one-sided symbolic space is
IN0 = {x= (x0,x1, . . .) : xi ∈ I for i ∈ N0}
with the distance
ρ(x,y) =
{
0, if x= y,
1
i+1 , if x 6= y and i=min{ j : x j 6= y j}
The shift map σ : IN0 → IN0 is defined as
x= (x0,x1, . . .) 7→ σ(x) = (x1,x2, . . .).
Then (IN0,σ) is a full shift. For ω ∈ In, the length of ω is l(ω) = n. A cylinder of ω is
[ω] = {x ∈ IN0 : (x0, . . . ,xn−1) = ω}.
Now we give the following example to show that there exists a set which is finitely
equi-invariant in the mean but not finitely equi-invariant.
Example 4.7 (FEIM but not FEI). Let I= {a,b,c,d,e}, A= ab, B= cde and B = {A,B}.
Consider a control system of form (1.1), where
(1) X = IN0;
(2) U = {0,1,2,3};
(3) F0, F1,F2 and F3 : X → X are defined by F0 = σ2, F1 = σ3, F2 ≡ b∞ and
F3(x) =
{
(ab)∞, if x ∈ [b],
b∞, otherwise.
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Define an injective map ϕ from BN0 to IN0 by
ϕ(µ)[∑i−1j=0 l(µi),∑
i
j=0 l(µi))
= µi,
for µ ∈ BN0 . Let Q = ϕ(BN0). Then the set Q is equi-invariant in the mean but not
finitely equi-invariant.
Proof. By the construct of Q and definitions of F0,F1,F2,F3, the set Q is compact and for
any x∈Q there exists an unique control sequence ω ∈U such that φ(N0,x,ω)⊂Q. This
implies that Q is not finitely equi-invariant.
Next, we show that Q is equi-invariant in the mean. Let x ∈ Q. Fix any positive real
number ε > 0. Choose an integer with n> 1ε . Since the topology of the subspace Q is
TQ = {[u] : u ∈ In,n≥ 0}∩Q= {[(ab)n1(cde)m1(ab)n2(cde)m2 · · ·(ab)nk(cde)mk ] :
n1+m1+ · · ·+nk+mk ≥ 0,k≥ 1},
there exist n1,n2, . . . ,nk,m1,m2, . . . ,mk such that
N := n1+m1+ · · ·+nk+mk > n,
and
x ∈ [(ab)n1(cde)m1(ab)n2(cde)m2 · · ·(ab)nk(cde)mk ].
Pick a control sequence ω = 0n11m10n21m2 · · ·0nk1mk230∞. Then for any
y ∈ [(ab)n1(cde)m1(ab)n2(cde)m2 · · ·(ab)nk(cde)mk ],
we have
φ([0,N],y,ω)⊂ Q,φ(N+1,y,ω) = b∞ and φ([N+2,∞),y,ω) = (ab)∞ ∈ Q.
So
1
n
n−1
∑
i=0
d[φ(i,y,ω),Q] =
{
0, if n≤ N+1,
1
n
d[φ(N+1,y,ω),Q] = 1
n
d(b∞,Q)≤ 1
N
< ε, if n≥ N+2.
Thus, the point x is equi-invariant in the mean and by the arbitrary of x, we have Q is
equi-invariant in the mean. 
Applying Theorem 2.9, we provide an example which is mean equi-invariant but not
finitely equi-invariant in the mean.
Example 4.8 (MEI but not EIM; FMEI but not FEIM). Consider a control system of
form (1.1), where
(1) X = [0,1] = {x ∈ R : 0≤ x≤ 1};
(2) U = {0,1};
(3) F0 and F1 : X → X are defined by
F0(x) =

1
2
, if 0≤ x< 1
4
,
2(x− 1
2
)+1, if 1
4
≤ x< 1
2
,
1, if 1
2
≤ x≤ 1,
and
F1(x) =
{
12(x− 1
4
)2+ 1
4
, if 0≤ x< 1
4
,
(x− 1
4
)2+ 1
4
, if 1
4
≤ x≤ 1.
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Let Q= [0, 1
4
]. Then the set Q is mean equi-invariant but not finitely equi-invariant in the
mean.
0 1
4
1
2
3
4
1
FIGURE 4. Mean equi-invariant
Proof. By definition of F1, there hold
(a) F1(x) > F
2
1 (x) > F
3
1 (x) > · · · > Fn1 (x) > · · · and limn→∞Fn1 (x) = 14 for any x ∈
[0, 1
4
);
(b) F1(x)> F1(y) and F
n
1 (x)< F
n
1 (y) for any 0≤ x< y≤ 14 and n> 1.
Next, we divide our proof into two claims.
Claim 4.9. Q is mean equi-invariant.
Proof of Claim 4.9. Fix any x ∈ Q and 0 < ε < 1
4
. Since limn→∞Fn1 (0) =
1
4
, there exists
N′ > 0 such that d(Fn1 (x),Q)<
ε
2
for all n≥ N′. Choose a positive integer N with N′+1
N
<
ε
2
, a control sequence ω = 1∞ and a positive real number δ = ε . Then for all n> N,
1
n
n−1
∑
i=0
d(φ(i,y,ω),Q) =
1
n
N′
∑
i=0
d(φ(i,y,ω),Q)+
1
n
n−1
∑
i=N′+1
d(φ(i,y,ω),Q)
≤ 1
N
N′
∑
i=0
d(φ(i,y,ω),Q)+
1
n
n−1
∑
i=N′+1
d(φ(i,y,ω),Q)
≤ N
′+1
N
+
n−N′−1
n
· ε
2
<
ε
2
+
ε
2
= ε,
which implies that
limsup
n→∞
1
n
n−1
∑
i=0
d(φ(i,y,ω),Q)≤ ε.
Thus every point in Q is finitely mean equi-invariant. 
Claim 4.10. Q is not finitely equi-invariant in the mean.
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Proof of Claim 4.10. It suffices to show that 0 is not finitely equi-invariant in the mean;
that is there exists a positive real number ε > 0 such that for any δ > 0, control sequences
ω(1), . . . ,ω(k) ∈ U and y ∈ B(0,δ )∩ [0, 1
4
], one can find some control sequence ω(r),
1≤ r ≤ k, satisfies that
1
n
n−1
∑
i=0
d[φ(i,y,ω(r)),Q]≥ ε,
for some n. Indeed, for any 0 < δ <
√
3−1
4
√
3
, control sequence ω ∈ U and y ∈ B(0,δ )∩
[0, 1
4
], there holds
1
2
(d[φ(0,y,ω),Q]+d[φ(1,y,ω),Q])
≥1
2
d[φ(1,y,ω),Q]
=
1
2
d[F0(y),Q]
=
1
2
whenever ω0 = 0; and
1
2
(d[φ(0,y,ω),Q]+d[φ(1,y,ω),Q])
≥1
2
d[φ(1,y,ω),Q]
=
1
2
d[F1(y),Q]
≥1
2
whenever ω0 = 1. 

Next, we provide an example which is finitely mean equi-invariant but not mean equi-
invariant.
Example 4.11 (FMEI but not MEI). Consider a control system of form (1.1), where
(1) X = [0,1] = {x ∈ R : 0≤ x≤ 1};
(2) U = {0,1};
(3) F0, and F1 : X → X are defined by
F0(x) =

1
8
, if 0≤ x< 1
4
,
2x− 3
8
, if 1
4
≤ x< 3
8
,
(x− 3
8
)2+ 3
8
, if 3
8
≤ x≤ 1,
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and
F1(x) =

0, if 0≤ x< 1
16
,
2x− 1
8
, if 1
16
≤ x< 1
8
,
1
4
(x− 1
8
)
1
3 + 1
8
, if 1
8
≤ x< 1
4
,
−x+ 1
2
, if 1
4
≤ x< 1
2
,
0, if 1
2
≤ x≤ 1.
Let Q= [1
4
, 1
2
]. Then the set Q is finitely mean equi-invariant but not mean equi-invariant.
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8
FIGURE 5. Finitely mean equi-invariant
Proof. By definitions of F0 and F1, we have the following properties:
(a) F0(x)≥ F20 (x)≥ F30 (x)≥ ·· · ≥ Fn0 (x)≥ ·· · , for any x ∈ [14 , 38)∪ (38 , 12 ];
(b) limn→∞Fn0 (x) =
1
8
for any x ∈ [1
4
, 3
8
) and limn→∞Fn0 (x) =
3
8
for any x ∈ (3
8
, 1
2
];
(c) Fn0 (x) ≤ Fn0 (y) for any 14 ≤ x≤ y ≤ 12 and n ≥ 0, Fn1 (x) ≤ Fn1 (y) for any 18 ≤ x ≤
y≤ 1
4
and n≥ 0;
(d) F1(x) < F
2
1 (x) < F
3
1 (x) < · · · < Fn1 (x) < · · · and limn→∞Fn1 (x) = 14 for any x ∈
(1
8
, 1
4
), and F1(
1
4
) = 1
4
;
(e) F1(x) ≥ F21 (x) ≥ F31 (x) ≥ ·· · ≥ Fn1 (x) ≥ ·· · and limn→∞Fn1 (x) = 0 for any x ∈
(3
8
, 1
2
];
(f) F0(x),F1(x) ∈ [0, 18 ] for all x ∈ [0, 18 ].
Next, we divide our proof into three claims.
Claim 4.12. Every point in Q\{3
8
} is mean equi-invariant.
Proof of Claim 4.12. Case 1. x∈ (3
8
, 1
2
]. Take ω = 0∞. Then, by Properties (a), (b) and (c)
above, we have d[φ(n,x,ω),Q] = 0 for all n≥ 0. It follows that x is mean equi-invariant.
Case 2. x ∈ [1
4
, 3
8
). Then 1
8
< F1(x)≤ 14 . Take ω = 1∞. Then for any ε > 0, by Property
(d) above, we have
limsup
n→∞
1
n
n−1
∑
i=0
d[φ(i,x,ω),Q]< ε.
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According to Property (c) above, we have x is mean equi-invariant. 
Claim 4.13. The point 3
8
is finitely mean equi-invariant.
Proof of Claim 4.13. It comes directly from the proof of Claim 4.12. 
Claim 4.14. The point 3
8
is not mean equi-invariant.
Proof of Claim 4.14. Suppose in contrast that 3
8
is mean equi-invariant; that is for any
ε > 0 there exist δ > 0 and ω ∈U such that
limsup
n→∞
1
n
n−1
∑
i=0
d[φ(i,y,ω),Q]< ε
for all y ∈ (3
8
−δ , 3
8
+δ ). Indeed, on one hand, for x ∈ (3
8
, 1
2
], let ω ∈U . If ω ∈ {1ω ′ :
ω ′ ∈U }, then φ(1,x,ω) = F1(x) ∈ [0, 18 ] and φ(n,x,ω) ∈ [0, 18 ] for all n> 1 by Property
(f) above. This implies that
limsup
n→∞
1
n
n−1
∑
i=0
d[φ(i,y,ω),Q]≥ 1
8
.
If ω = 0n1ω ′ for some n≥ 1 and ω ′ ∈U , then φ(n+1,x,ω) = F1(x) ∈ [0, 18 ] and conse-
quently
limsup
n→∞
1
n
n−1
∑
i=0
d[φ(i,y,ω),Q]≥ 1
8
.
Since
U = {0∞}∪{1ω ′ : ω ′ ∈U }∪{0n1ω ′ : n≥ 1 and ω ′ ∈U },
by the proof of Claim 4.12, there exists only one control sequence ω = 0∞ such that
limsup
n→∞
1
n
n−1
∑
i=0
d[φ(i,y,ω),Q]<
1
8
.
On the other hand, if x ∈ [1
4
, 3
8
). Take ω = 0∞. By Property (b), there exists N > 0 such
that
d[φ(n,y,ω),
1
4
] = d[φ(n,y,ω),Q]≥ 1
16
for all n≥ N. Thus
limsup
n→∞,n>N
1
n
n−1
∑
i=0
d[φ(i,x,ω),Q] = limsup
n→∞,n>N
1
n
(
N−1
∑
i=0
d[φ(i,x,ω),Q]+
n−1
∑
i=N
d[φ(i,x,ω),Q])
≥ limsup
n→∞,n>N
1
n
n−1
∑
i=N
d[φ(i,φ(m,x,ω),ω),Q])
≥ 1
16
.
This is a contradiction. So 3
8
is not mean equi-invariant. 
By Claims 4.12 and 4.13, the set Q is finitely mean equi-invariant. By Claim 4.14, it is
not mean equi-invariant. 
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